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Abstract 

We present an outline of the theory of universal Teichmiiller space, viewed 
as part of the theory of QS, the space of quasisymmetric homeomorphisms of 
a circle. Although elements of QS act in one dimension, most results about 
QS depend on a two-dimensional proof. QS has a manifold structure modelled 
on a Banach space, and after factorization by PSL{2,M.) it becomes a complex 
manifold. In applications, QS is seen to contain many deformation spaces for 
dynamical systems acting in one, two and three dimensions; it also contains 
deformation spaces of every hyperbolic Riemann surface, and in this naive sense 
it is universal. The deformation spaces are complex submanifolds and often 
have certain universal properties themselves, but those properties are not the 
object of this paper. Instead we focus on the analytic foundations of the theory 
necessary for applications to dynamical systems and rigidity. 

We divide the paper into two parts. The first part concerns the real theory of 
QS and results that can be stated purely in real terms; the basic properties are 
given mostly without proof, except in certain cases when an easy real- variable 
proof is available. The second part of the paper brings in the complex analysis 
and promotes the view that properties of quasisymmetric maps are most easily 
understood by consideration of their possible two-dimensional quasiconformal 
extensions. 
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Introduction 

The origins of this theory lie in the study of deformations of complex struc- 
ture in spaces of real dimension 2 and the moduli problem for Riemann surfaces. 
It seems appropriate, therefore, to begin with a brief sketch of how the notion 
of a Teichmiiller space first arose, within this problem of variation of complex 
structure on a topologically fixed compact Riemann surface. For brevity we 
shall restrict attention to hyperbolic Riemann surfaces, which have as univer- 
sal covering space the unit disc; the terminology refers to the fact that, via 
projection form Poincare's Riemannian metric on the disc, all the surfaces are 
endowed with a structure of hyperbolic geometry. 

The definition of Teichmiiller space stands out clearly as a key stage in 
the struggle to justify, and to make precise, the famous assertion of Riemann 
[Theorie der Abel'schen Functionen, Crelle J., t. 54, (1857)] that the number 
of (complex) parameters (or 'moduli') needed to describe all surfaces of genus 
g > 2 up to conformal equivalence is — 3. After preliminary work over 
many years by a substantial number of eminent mathematicians, including F. 
Schottky, A. Hurwitz, F. Klein, R. Fricke and H. Poincare, the crucial new idea 
was introduced by O. Teichmiiller around 1938, |Q, ||7^, following earlier work 
of H. Grotzsch. One specifies a topological marking of the base surface and 
then considers all homeomorphisms to a target Riemann surface which have 
the property that they distort the conformal structure near each point by at 
most a bounded amount, using a precise analytic measure of the distortion to 
be defined below. Grotzsch (see |37|,[Q) had used this approach to resolve 
similar problems in estimating distortion for smooth mappings between plane 
domains; the term guasiconformal was coined by L.V. Ahlfors around 1930 for 
the class of homeomorphisms to be employed. The method was strengthened, 
generalised and applied to the case of closed Riemann surfaces with striking 
effect by Teichmiiller, as we indicate below. 

A fundamental relationship exists between the quasiconformal homeomor- 
phisms of the hyperbolic disc and the induced boundary maps of the circle, and 
this lies at the heart of the viewpoint on Teichmiiller theory to be presented 
here: for a general Riemann surface, one must consider not only deformations 
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of complex structure in the interior but also the ways in which the conformal 
structure may change relative to the boundary. It turns out that both aspects 
are best studied on the universal covering surface, the unit disc A = {|z| < 1}: 
quasiconformal mappings of the disc extend to homeomorphisms of the closed 
disc and many (but not all) of the properties of a quasiconformal homeomor- 
phism can be expressed solely in terms of the boundary homeomorphism of the 
circle induced by it. 

Let QS be the space of sense-preserving, quasisymmetric self-maps of the 
unit circle; such maps are precisely those occurring as the boundary value of 
some quasiconformal self map of the disc A. A map H : A ^ A is called 
quasiconformal (sometimes abbreviated to q-c) if K{H) < oo, where K{H) is 
the essential supremum, for z G A , of the local dilatations [H) , and the local 
dilatation Kz{H) at z is defined as 

max(,{|iJ(z + ee*») -i?(z)|} 

lim sup : rg- , 

e^o mmg{\H{z + ee''^)~H{z)\}' 

which may be interpreted as the upper bound of local distortion as measured 
on circles centered at z; compare with the definition ( p^ ) in $2. The set of all 
possible quasiconformal extensions iJ : A ^ A of a given quasisymmetric map 
h may be regarded as the mapping class of h in the disc, and a mapping Hq is 
called extremal for its class if K{Ho) < K{H) for every extension H of h. This 
notion of extremality for a mapping (within a homotopy class of quasiconformal 
maps between two plane regions) was also introduced by Grotzsch (op.cit.), 
but it was Teichmiiller who recognized the significance of extremal maps in the 
study of deformations of complex structures. He applied them decisively in | |7l[ , 
[ [72| , to establish a measure of distance between two marked surfaces: here the 
upper bound for the local distortion of the mapping over the base surface is to 
be minimised. 

A base (hyperbolic) Riemann surface is given as the quotient space Xq = 
A/r of the unit disc under the action of a Fuchsian group F, which is by defini- 
tion a discrete group of Mobius transformations which arc conformal automor- 
phisms of the disc; if the group is torsion-free, then topologically, F = 7ri(Aro) 
represents the group of deck transformations of the universal covering projection 
from A to Xq. Suppose now that we are given a quasisymmetric map h of the 
circle with the property that the conjugate group Fi — hoT o is also Fuch- 
sian: the two orbit spaces A/F and A/Fi can be viewed as the same topological 
surface but with different complex structures. The mapping class of h for the 
group F is the subset of its mapping class (the set of all q-c self-mappings of the 
disc extending the map h) consisting of those q-c extensions H oi h with the 
property that every element H o of Fi acts as a Mobius transformation 
of the disc A to itself. For a Fuchsian group F that covers a compact Riemann 
surface, Teichmiiller's theorem establishes a profound link between an extremal 
representative H for a given class and a holomorphic quadratic differential for F 
- a complete proof is given in |Q. As a consequence, one may infer that the space 
of marked deformations of the compact surface A/F is a complete metric space 



3 



homeomorphic to an n = {6g — 6)-dimensional real cell. The metric is called 
Teichmuller's metric and the distance between the base surface Xo = A/T and 
the marked surface Xi = A/Fi, with Fi = HqoT o Hq^ , is log K (Hq) , where Hq 
is extremal in its class. This type of extremal mapping is a feature of continuing 
interest, partly because of the connection with Thurston's theory of measured 
laminations on hyperbolic surfaces, 0,(l|l,|l|,[|o),@,|68|. 

The final ingredient, which makes it possible to construct these holomorphic 
parameter spaces for all types of Riemann surface, is the relationship between 
the quasiconformal property and the solutions of a certain partial differential 
equation. By a fundamental observation of Lipman Bers (see j^), if is a 
quasiconformal self-map of the disc, it satisfies the Beltrami equation 

H^{z) ^ fi{z)H,. (1) 

where /z, with ||/^||oo < 1, is a measurable complex-valued function on the disc, 
which represents the complex dilatation at each point of A; fi is often called 
the Beltrami coefficient of H . Conversely, by virtue of solvability properties 
of this equation, determines H uniquely up to postcomposition by a Mobius 
transformation. By using the analytic dependence oi H = Hf^ on its Beltrami 
coefficient ^, and deploying a construction known as the Bcrs embedding, each 
T(r) is embedded as a closed subspace of the complex Banach space B of 
univalent functions on A which have quasiconformal extensions to the sphere - 
more details are given in section 2.5. It then follows that T{T) has a natural 
structure of complex manifold for any Fuchsian group F. Furthermore, each 
inclusion F' C F of Fuchsian groups induces a contravariant inclusion of these 
Teiclimiiller spaces T(F) C T(F'), which implies that the Banach space T{1) = 
B, which corresponds to the trivial Fuchsian group F' = 1 = (Id) is universal in 
the sense that it contains the Teichmiiller spaces of every hyperbolic Riemann 
surface A/F. 

In the period after World War II, the verification of Teichmiiller's ideas 
and the subsequent rigorous development of the foundational complex analytic 
deformation theory outlined above by L. V. Ahlfors, L. Bers, H.E. Ranch and 
their students occupied more than 20 years. The circumstances of Teichmiiller's 
life and particularly his political activities caused much controversy and, coupled 
with the relative inaccessibility of his publications, this perhaps contributed to 
some early reluctance to pursue a theory based on his claims; for commentary on 
mathematical life in Germany under the Third Reich, the reader might consult 
[ [74l an d ||7q| . Detailed expositions of this foundational work on moduli are given 
iiTg, g g|, 13 and ||. 

In a landmark study of the local complex analytic geometry of Teichmiil- 
ler space, H.L. Royden showed that when T(F) is finite dimensional, the 
complex structure of the space determines its Teichmiiller metric. In fact, he 
proved that Teichmiiller's metric coincides with the Kobayashi metric , which 
is defined purely in terms of the set of all holomorphic maps from the unit 
disc into T{T). Royden also showed that every biholomorphic automorphism of 
T(r) is induced geometrically by an element of the mapping class group, a result 
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which extends to many infinite dimensional Teichmiiller spaces; we examine this 
important rigidity theorem more carefuUy in sections 1.8 and 2.8. 

The case of compact Riemann surfaces and their deformation spaces cahs for 
techniques involving aspects of surface topology and geometry which will not 
be considered in this article. Instead, we present a formulation which focusses 
on the real analytic foundations of the theory, important for applications to 
real and complex dynamical systems and matters which relate to rigidity. It 
was observed by S.P. Kerckhoff (see for instance (T^) and later, independently, 
by S. Nag and A. Verjovsky |Q that the almost complex structure on each 
T(T) corresponding to its complex structure is given by the Hilbert transform 
acting on the relevant space of vector fields defined on the unit circle. This 
fact indicates that deep results concerning the complex structure of Teichmiiller 
space can be viewed purely as theorems of real analysis. With this principle 
in mind, we divide the exposition into two parts. The first part concentrates 
on the real theory of QS and we present the theorems in real terms as far as 
possible; the basic properties are stated mostly without proof, except in certain 
cases where an easy real-variable proof is available. The second part of the 
paper follows closely the outline of the first but brings in the complex analysis: 
in our view, despite their very real nature, properties of quasisymmetric maps 
are most easily understood by consideration of their possible two-dimensional 
quasiconformal extensions. 



1 Real Analysis 
1.1 Quasisymmetry 

A quasisymmetric map h of an interval / to an interval J is an increasing 
homeomorphism h for which there exists a constant M such that 

1 h{x + t) - hix) ^ , . 

— < — ^ — — — < M (2) 

M - h{x) --h{x~t) - ^ ' 

for every x and t > with x — t,x and x + t in I. It is not hard to prove the 
quasisymmetric maps form a pseudo-group. That is, if h is quasisymmetric from 
I to J with constant M, then from J to / is quasisymmetric with constant 
Ml depending only on M. Moreover, if g is quasisymmetric from Ji to I2 with 
constant Alg and h is quasisymmetric from I2 to I3 with constant Mh, then hog 
is quasisymmetric from Ii to I3 with constant Mhog depending only on Mg and 
Mg. Also, h is Holder continuous with Holder exponent a depending only on 
M. For purposes of illustration, we prove this fact here. 

Lemma 1 A quasisymmetric map of an interval I to an interval J satisfying 
condition (|^) is Holder continuous. 

Proof. (See Ahlfors iQ, page 65 and 66). Pre and postcomposition of h 
by affine maps yields a map h ~ A o h o B with the same constant M of 
quasisymmetry. To show h is Holder continuous at a point p, it suffices to show 
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h is Holder continuous at and to assume the intervals / and J contain [0, 1], 
and that h{0) = and h{l) = 1. By plugging in x — t — 0,x — 1/2, a; + t = l 
inequality yields 

1/(M + 1) < h{l/2) < M/{M + 1). 
Repeated applications of with x ~ 1/2" and i = 1/2" yield 

1/{M + 1)" < /i(l/2") < {M/{M + 1))". 
Since h is increasing, this implies that for 1/2" < a; < l/2"~^, 

h{x) < /i(l/2"-i) < {M/{M + 1))"-^ = ((Af + 1)/M) {M/{M + 1))" . 
But since x > 1/2", the previous inequality implies 

h{x) < m + 1)/M)x", where a = ^-^m + l)IM))^ 

log 2 

To finish the proof we note that h and h have the same Holder exponent a. □ 

A quasisymmetric homeomorphism of the unit circle 5*^ = {e*^ : 6 real } is 
an orientation preserving homeomorphism of the circle for which there exists a 
constant M such that 



1 

— < 

M - 



< M, (3) 



for all X and all \t\ < ^. Obviously the restriction of any Mobius transformation 
preserving the unit disc to the unit circle is quasisymmetric. Let a finite number 
of smooth real-valued charts ipj that cover the circle be given and assume the 
maps from intervals to intervals defined by ipj o h o (^ipi^)~^ are quasisymmetric 
with constants Mjk on the intervals where they are defined. Then h will be 
quasisymmetric with a constant M depending on the Mjk and the coordinate 
charts ipj and (fk- Conversely, suppose h is quasisymmetric and ipj are a finite 
system of smooth charts whose domains of definition cover the circle. Then each 
(Pjofo{tpy.)~^ is quasisymmetric on the interval where it is defined. Thus, if when 
expressed in terms of a finite number of smooth charts that cover the circle h is 
quasisymmetric on the intervals for some constant M, then h is quasisymmetric 
on the circle for some possibly different constant Mi. 

1.2 The Quasisymmetric Topology 

Now we introduce a topology on the group of orientation preserving homeo- 
morphisms ft, of a circle that satisfy inequality (^) by specifying a neighborhood 
basis V{e) of the identity. By definition h is in V{e), e > 0, if two conditions are 
satisfied: 
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(a) sup{|/i(e") - e"| , |/i~^(e") - e"\} < e, and 

(b) inequality (||) is satisfied with M = 1 + e. 

This system of neighborhood has the foUowing properties: 

(i) nZi ^(V") - {^dent^ty}, 

(ii) for every e > 0, there exists S > 0, such that V{S) o V{S) C F(e), and 

(iii) for every e > 0, there exists S > 0, such that {V{5)) ^ C V{e). 

This system of neighborhoods induces a right and a left topology on QS* by 
right and left translation. That is, V o h is a right neighborhood of h when 
y is a neighborhood of the identity. These neighborhoods are precisely those 
that make right translation maps h h o g continuous. Similarly, there is the 
system of left neighborhoods h o V oi the h, and these make left translation 
maps h i—f g o h continuous. However, these properties constitute only part of 
the structure necessary to make QS a topological group. In the next section we 
examine this discrepancy in more detail. 



1.3 The Symmetric Subgroup 

There is a brief, relatively undeveloped, theory of groups that are also Hausdorff 
topological spaces satisfying axioms (i), (ii), and (iii) above. More details may 
be found in | ]35| . We summarize this theory and its application to QS in this 
section. 



Definition. A topological group is a group G that is also a Hausdorff topological 
space and such that the map (/, g) ^ f ° from G x G to G is continuous. 



It turns out that QS is not a topological group because taking inverses is 
not continuous. However, it does satisfy the axioms for what we call a partial 
topological group. 

Definition. A partial topological group is a group with a Hausdorff system of 
neighborhoods of the identity satisfying (i), (ii) and (iii) above. 



As we have seen in section 1.2, at a general point h of the group there are 
two neighborhood systems. If U runs through the neighborhood system at the 
identity, then hoU and Uoh run through systems of left and right neighborhoods 



of h, respectively. The following theorem is proved in |35 



Theorem 1 The following conditions on a partial topological group are equiv- 
alent: 

i) it is a topological group with the given neighborhood system of the 
identity, 
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a) the left and the right neighborhood systems agree at every point, 

Hi) the adjoint map f h o f o h^^ is continuous at the identity 
for every h in the group. 

In a general partial topological group the properties of Theorem |^ will not 
hold. One of the two topologies in a partial topological group will be left trans- 
lation invariant and the other right translation invariant. The inverse operation 
interchanges these two topologies. 

One can consider those elements /i of a partial topological group for which 
the two neighborhood systems at h agree, that is, for which conjugation by h 
maps the neighborhood system at the identity isomorphically onto itself. These 
elements form a closed subgroup: the two topologies agree on this subgroup 
and give it the structure of a topological group. We call this subgroup the 
characteristic topological subgroup. 

If a subset of a partial topological group is invariant under the inverse op- 
eration, then it is closed for one topology if, and only if, it is closed for the 
other. In particular, one may speak without ambiguity of a closed subgroup of 
a partial topological group. 

The next result is elementary. 

Theorem 2 The characteristic topological subgroup of a partial topological group 
is a closed topological subgroup. 



Definition. A quasisymmetric map h has vanishing ratio distortion if there 
is a function e(i) with e{t) converging to zero as t converges to zero, such that 
inequality is satisfied with M replaced by 1 + e{t). 

It turns out that the characteristic topological subgroup of QS comprises 
precisely those homeomorphisms that have vanishing ratio distortion. We shall 
call this subgroup the symmetric subgroup S. A direct proof that S' is a topo- 
logical group is elementary. Here we prove only the following fact. 

Theorem 3 S is a closed subgroup of QS. 

Proof. We shall use the following notation. / and J are contiguous intervals, 
/ = [a,b],J= [b, c], and |/| = & — a is the length of /. Let a constant C > 1 be 
given. One first shows that if / and J are contiguous with 

1/C < |/|/|J| < C 

and if g is sufficiently near the identity in the quasisymmetric topology, then 

1 W)\ \J\ 



i + ^-W)\ \I\ 
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Assume hn is a sequence of elements of S converging in the right Q/S-topology 
to h. This means that for sufficiently large n, 

1 ^\h^KHl)[,\Ji<i + e. 



l + e - \hohn\J)\ \I\ 

Also, assume that for each hn there is a function e„(f) approaching zero as 
t approaches such that for all contiguous intervals K and L with 1/C < 
\K\/\L\ < C, 



l + eni\K\) \K{L)\ \K 
Taking the product, we obtain 



{l + e){l + en{\K\)) - \hohn\J)\ \I\ \hn{L)\ \K\ 

Since there is a uniform bound on the quasisymmetric norm of hn, we may 
assume 1/C < ^lhl}(L) \ < C, and thus we may substitute in 7 = hn{K) and 
J = hn{L). We obtain 



(l + e)(l + s„(lifl)) - lh{L)\ \K\ 

For given 5 > 0, we can pick uq large enough so that e„o(|ii'|) < e whenever 
\K\ < 6 and 1/C < \K\/\L\ < C. Then 

1 \h{K)\ \L\ ,^ ,2 

< 7T77TT • < (1 + e) , 



(1 + 6)2 

and this implies h has vanishing ratio distortion. □ 



1.4 Dynamical Systems and Deformations 

By definition, universal Teichmuller space T is QS factored by the close sub- 
group of Mobius transformations that preserve the unit disc. It is universal 
in the naive sense that it contains the deformation spaces of nearly all one- 
dimensional dynamical systems F that act on the unit circle. When we say 
this, we have in mind the following two types of dynamical systems. F is either 
a Fuchsian group acting on the unit circle or a C'^-homeomorphism acting on the 
unit circle. In the second situation, it is often useful to assume F has irrational 
rotation number. The theory is already complicated if is a diffeomorphism 
and becomes even more so if F is allowed to have one critical point. Under 
smooth changes of coordinate, we may assume F maps an interval on the real 
axis to another interval on the real axis and maps the origin to a point c. We 
also assume that in suitable smooth coordinates F takes the form of a power 
law: 

F{x) = |a:|"sign(a:) + c, 
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for some constant a > 1. 

The deformation space T{F) (sometimes called the Teichmiiller space of F), 
is defined to be the space of equivalence classes of quasisymmetric maps h G QS 
such that ho F o is a dynamical system of the same type. Two maps ho and 
hi are equivalent if there is a Mobius transformation A such that Ao ho = hi. 
Thus, it is the set of quasisymmetric conjugacies to dynamical systems of the 
same type factored by this equivalence relation. 

In the case that F is a Fuchsian group with generators 7^ this means that, for 
each j, the conjugate /i o 7^- o is also a Mobius transformation preserving the 
unit circle. In the case is a homcomorphism possibly with a power law, 
this means h o F o h~^ is also a C^-homeomorphism. If h is itself a Mobius 
transformation, we consider the dynamical systems generated by F and by 
ho F o h~^ as not differing in any essential way. For this reason, wc view T(F) 
as a subspace of QS mod PSL{2,R). That is, two elements hi and /12 are con- 
sidered equivalent if there is a Mobius transformation A such that Ao hi = h2. 

It turns out that the factor space T = QS mod PSL{2, M.) carries in a natu- 
ral way the structure of a complex manifold, as do the subspaces T{F) for many 
dynamical systems F. Even the statement that T{F) is connected is already sig- 
nificant, and knowledge of geometrical properties of curves which join pairs of 
points in T{F) can have dynamical consequences. 

Here we explain why conjugacies that allow distortion of eigenvalues cannot 
be smooth: therefore, to obtain interesting conjugacies one must expand into 
the quasisymmetric realm. 

Lemma 2 Let Fo and Fi be two discrete dynamical systems acting on the real 
axis, generated by x ^ lo{x) — Aqx and by x ^ liix) = Xix, respectively, and 
assume 1 < Aq < Ai. Let h be a conjugacy, so that /i o 79 o h~^ = 71. Then h 
can be at most Holder continuous with exponent a = log Aq / log Ai . 

Proof. Because /i(Aqx) = A"/i(x), by plugging in x = 1 and letting n approach 
—00 and 00, one sees that h must fix and 00. By postcomposition of h with 
a real dilation, we may assume h{l) = 1 and this implies /i(Aq) = A". But any 
such map taking these values for arbitrarily large negative values of n cannot 
satisfy an inequality of the form \h{x)\ < C|a:|" unless a < logAo/log Ai. □ 

1.5 Tangent Spaces to QS and S 

In this section we identify the circle with the extended real line M. By post- 
composing with a Mobius transformation we may assume any homcomorphism 
representing an element of T fixes infinity. Consider a smooth curve hs of 
homeomorphisms in QS parameterized by s and passing through the identity 
at ,s = 0. We may assume each homeomorphism hs fixes infinity. By smooth we 
shall mean that 

hs{x)=x + sV{x)+o{s), (4) 
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where the distance measured in the quasisymmetric norm from the identity to 
hs is less than or equal to a constant times s. In particular, 

1 h,{x + t) -K{x) , , „ 
^ -; — r-^ ; — ; r < 1 + Cs. 



1 + Cs hs{x) — hs{x — t) 

By substituting into this formula we arrive at the following condition on the 
continuous function V : 

\V{x + t)-2V{x) + V{x-t)\^0{t). (5) 

If hs is a smooth curve in the symmetric subspace S, then 

\V{x + t)-2V{x) + V{x-t)\=o{t). (6) 

We will call (||) and (|6|), respectively, the big and little Zygmund conditions. 
Since V is to be regarded as the tangent vector to the one-parameter family of 
homeomorphisms hs^ V{x)-g^ is a vector field. 

If instead we consider the mappings hs as acting on the unit circle |z| = 1 
then the condition that the vector field W point in a direction tangent to the 
unit circle is that 

W{x) = W^(e")/ie" (7) 

be real-valued. The boundedncss conditions on QS and S correspond to the 
conditions that the continuous, periodic function W satisfy (|^) and (||). We 
denote the spaces of continuous vector fields satisfying these conditions by Z 
and Zq, respectively. 

A simple example of a tangent vector in Zq is generated by a curve of Mobius 
transformations preserving the unit circle and passing through the identity. Such 
a curve has a tangent vector of the form 

W{z)— = {az^ + l3z + ^) — , 
oz oz 

where a, (3, and 7 are constants which make W{z) real-valued along z'z ~ 1. We 
call such tangent vectors trivial. Thus the quadratic polynomials which satisfy 
this reality condition define the tangent vectors to trivial curves of homeomor- 
phisms. 

We will show that any tangent vector satisfying the big Zygmund condition 
is the tangent vector to a smooth curve in QS passing through the identity, and 
correspondingly any tangent vector satisfying the little Zygmund condition is 
the tangent vector to a smooth curve in S. 

Definition. Let Z and Zq be the spaces Z and Zq factored by the quadratic 
polynomials. 

Eventually in section 2.3 we shall identify a Banach space A such that the 
Banach dual of Zo is isomorphic to A and the Banach dual of A is isomorphic 
to Z. In particular, Zq* = Z. 
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Let Q be any quadruple of points a, 6, c and d arranged in counter-clockwise 
order on the unit circle or in increasing order on the real axis and define the 
cross ratio cr{Q) by 

criQ) = f-f-^ - 
(c — o)(a — a) 

Recall that cr{Q) is Mobius invariant in the sense that cr{A{q)) = cr{Q) for 
any Mobius transformation A. In consequence we may define a norm || ||cr on 
vector fields which is Mobius invariant in the sense that 

W o A 

\m\cr = \\^^\\cr. 

for every Mobius transformation A. 

Define VF[a, 6, c, d\ to be the alternating sum 

W{d) - W{c) W{c) ~ W{b) W{b) - W{a) W{a) - W{d) 



For a given quadruple Q the term cr((5)/9(cr((3))VF[a, 6, c, d] measures the ve- 
locity of the cross-ratio (^) with respect to the Poincare metric /9(z)|dz| on the 
sphere punctured at 0, 1 and oo when each of the points a, 6, c and d move with 
complex velocities W {a) ,W {b) ,W [c] and W{d), respectively. The infinitesimal 
cross-ratio norm is defined for the space Z by 

IIW^II,, = sup \cr{Q)p{cr(Q))W[a, 6, c, d]| . (9) 
Q 

Note that ||VF||cr = if, and only if, W is a. quadratic polynomial. Fur- 
thermore, if Q has the form Q = (— oo, x ~ t^x,x + t) then cr{Q) = —1. If in 
addition we assume = o(jzl^), which is tantamount to the assumption 

that W{z)-^ vanishes at infinity, then the alternating sum W[a, b, c, d] is equal 
to 

W{x + t) - 2W{x) + W{x - t) 
t ■ 

1.6 The Hilbert Transform and Almost Complex Struc- 
ture 

If the vector field V{z)-g^ is continuous and real- valued on the circle, then the 
function V{x) — y(e")/ie™ is continuous, real-valued and periodic on the real 
axis. Define a function W{x) by the formula 



W{x) = - lim / V{y) cot(^) dy, (10) 

where the integral is taken over values of y for which — tt < y < tt and \y — 
X ± 27rn| > e for all integers n. Transporting W back to the unit circle by the 
formula 

VF(e*") = W{x)te'^, 



12 



P 2-K 



one obtains a complex- valued function W defined on the circle for which 

is again real- valued. By this process V is transformed to JV = W, another field 
of vectors on the unit circle whose directions are tangent to the circle. 

This rule defines an operator J called the Hilbert transform; it extends to a 
bounded operator for many different smoothness classes. For example, 

\\w\i<c^n 

for p > 2, where 

1 f 

\V{x)\Pdx. 

More important to us arc the following properties of J : 

1. the Zygmund classes Z and Zq are preserved by J, 

2. J is anti-involutory in the sense that = — /, and 

3. J(sinfca;) = cosfca; and J(cosA;a;) = — sinfca;. 

Proofs of all of these statements are greatly simplified by considering different 
possible extensions of V to the complex plane, as we shall see in chapter 2. 

The anti-involutory property of J yields an almost complex structure on Z 
the tangent space to universal Teichmiiller space. In fact, whenever an anti- 
involutory automorphism J of a vector space X over M is given, X becomes a 
vector space over C by defining, for every v in X, 

{a + ib)v = av + bJ{v). 

The reader should check that ((ai -|- ibi){a2 + ib^)) v = {ai+ ibi) {{a^ + ib2)v) . 

Instead of using the exponential map z = e^^ x as a. real- valued chart for 
the unit circle, one can use the stereographic map z u from the circle to M 
where 

u = U(.) = 0-^. (11) 

This map sends the four points 1, i, —1, —i on the unit circle to the four points 
1,00,-1,0, respectively, on the real axis. The real- valued vector field V{z)-^ 
on the circle {z : \z\ = 1} is related to the vector field V{u) defined for u on the 
real axis by 

V{z) = V{u) 



{u + if 



Since we assume V is continuous, and in particular bounded on the circle, that 
implies at most quadratic growth of V near oo. That is 

V{u)=0{\u\^) 
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as \u\ oo. 

In the special case when V{z)-^ = {cq+ciz + C2z'^)-^ is a real-valued Mobius 
vector field, then Ci is pure imaginary, C2 = — co. 



V{u) = Co + ci ; , + C2 



{u + i) J \ (u + i) J J \{u + iy 
is a quadratic polynomial in u, and 

... . (co + cie"-c^e^") 1 

K ( a;j = : = 7:10 + 0.1 cos x + Oi smx. 

ze" 2 

Here, oq, oi, and 6i are real and ao = 2 Im ci, ai =2 Im C2, 6i =2 Re C2. 

It will turn out that the quadratic polynomials are preserved by the Hilbert 
transform and so J is well-defined on the quotient space 

Z — {V e Z}/ {quadratic polynomials}. (12) 

In section 2.6, when we use complex methods to deal with Hilbert transforms, 
we will find it useful to map the interior of the circle to the upper half-plane 
by the stereographic map u — U{z) given in ( pj] ) and then compute the Hilbert 
transform in the upper half-plane. When this is done, it must be remembered 
that the function V is permitted to have at most quadratic growth near infinity. 



1.7 Scales and Trigonometric Approximation 

' dz ' 



If a vector field V{z)-^, on the unit circle is given by a finite sum of the form 



V^iz) = J2 <'kz\ (13) 



k— — n 



and is real-valued, then c„+2 = — c_n. The corresponding function Vn{x) = 
Ki(e")/ie", is the trigonometric polynomial 

n 

ao/2 + (afe cos kx -\- bk sin kx) 
fc=i 

of degree n, where = 2 Im c^+i and b^ = 2 Re Ck+i. We may think of the 
trigonometric polynomial Vn with 

\\Vn\\oo=M 

as a typical vector field having a definite oscillation down to intervals whose 
length is as small as -p^. That is, if ^(a;) — 1 and < t < -p^, then V{x+t) > 0. 
This is because of the mean value theorem and the following lemma due to 
Bernstein 
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Lemma 3 IfVn{x) is a trigonometric polynomial of degree n, then 

\\-^Vn{x)\\oo < n\\Vnix)\\^. 

ax 



Proof. We follow the proof given in |55 , page 39. To begin, assume there is 



a trigonometric polynomial Vn with ||V^(|| — nL and L > Thus at some 

point xq, |V^'(a;o)| = nL, and we can assume that V^{xo) = nL. Since 1^ is a 
maximum at xq, V"{xo) — 0. 

Consider the trigonometric polynomial 

Tn{x) = Lsiiin{x - Xq) - Vn{x) 

of degree n. In the interval [xq, xq + 2tt) there are 2n points where sinn(a; — xq) 
takes the values ±1, and between any two of these points the polynomial T„ 
takes values of opposite sign. Hence T„ has 2n different zeros in this interval, 
and so 

T'^{x) = nLcosn{x — xq) — V^{x) 
also has 2n different zeros. One of these zeros is xq, since 

Tni^o) = nL - V^{xo). 

Also, 

r;'(2;) = -~n^Lsmn{x - xq) - V"{x) 

vanishes a.t x — xq. Moreover, T^' has 2n zeroes between the zeros of T^. Thus 
T" has at least 2n + 1 zeros in this interval, and since it is a trigonometric 
polynomial of degree n it must be identically zero. Thus is constant, but 
since T!^{xq) — 0, this implies T„ is constant. But this contradicts the statement 
that T„ changes sign and we conclude that the original assumption could not 
be correct, that is, we have L < ||Ki||oo, which means ||V^||oo < ?^||Ki||oo- O 



Assume V and W are continuous functions of period 2tt. An inequality of the 
form — W^(x)||oo < 1/2" for large n implies that the graph of V{x) closely 

resembles the graph of W{x). Now consider MkjV{x) — ^V{2''x), where x lies 
m some interval / of length 27r/2'=. Then Mkj is a magnification operator of 
degree k, magnifying the graph of V over the interval / by the same factor in 
both the domain and range. 

In fractal geometry, one considers graphs that have roughly the same shape 
no matter how much they are magnified. Thus, suppose that we go to some fine 
scale MkjV. Then the picture of the graph seen at this scale should roughly 
resemble the picture of the graph of M„.j if n is any number larger than k and 
J is any interval of size 27r/2". 

A general trigonometric polynomial does not possess this property. Suppose 
a polynomial V2" of degree 2" is magnified by the operator Mkj of degree k. 
If k is larger than 71, then because of Bernstein's inequality, one does not see 
any oscillation in the graph of MkjVn- This observation motivates the following 
theorem due to Zygmund and Jackson, |Q, Q, ISSj . 
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Theorem 4 Suppose V{x) is a continuous, periodic function defined on the real 
axis. Then V is in the Zygmund class Z defined by 



V{x + t) + V{x-t)-2V{x) 



t 



< C 



if and only if there exists a constant C such that for every positive integer n 
there is a trigonometric polynomial Vn of degree at most n, such that 

||v^-v;^||oo < — . 

n 

Moreover, the number C can be estimated purely in terms of C and vice versa. 

Proof. We begin by proving that if such trigonometric approximations are 
possible for every n, then V is in the Zygmund class. For each integer of the 
form 2^ , let be a trigonometric polynomial of degree 2^ such that 

ll^-^2^lloo<§. (14) 

Now select n so that <t<^, and write V in the form V = Wi + Wi 
where W\ —V — V2" and Wi = V2" . In general, define the difference operator 
At by 

l\iG{x) = G{x^t)-G{x). 

Then 

A2G(x) = At(At(G))(a;) = G{x + 2t) - 2G{x + t)+ G{x). 
From the hypothesis, 

RG 

\A',W^{x)\<^<8Ct. (15) 
Putting Vo = 0, we may rewrite W2 as a sum over scales: 

n 

W2 {x) = Vi-Vo + Yl ^^2^' ~ ^^'-'^ ■ (16) 

k=l 

Each term — V2k-i has norm bounded by 

3C 
2^' 



\V2k -V\ + \V -V2k-l\ < 



and is a trigonometric polynomial of degree less than or equal to 2*^. So by 
Lemma ||, the second derivative of V2k — V2k-i is at most 3C2'''. Thus, by the 
second mean value theorem 

I A? iV2k ~ V2k-i) I < 3C2'=i^ 

By using equation (p^), we obtain 

|A?1^.| < iC2h^ < E ^ = ^ = ^ ^ (17) 
fc=i fc=i 
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Putting inequalities (^5|) and ( p7| ) together, we obtain lAjFj < 20Ci and this 
proves the first half of the theorem. 

To prove the other half, for every n we must construct a trigonometric poly- 
nomial Vn of degree n that approximates V in the sup-norm to within C jn. Let 
Kn be the Jackson kernel defined by Kn — oin-x — 2cr„, where 

_ 50 si H h Sn-i _ J_ / sin ^ y 

" n 27rn \ sin | / 

is the Fejer kernel and 

sin(2n + 
2sm| 

By convolution of V with the Jackson kernel Kn, one gets a trigonometric 
polynomial of degree 2n — 1 that approximates V to within 0{l/n) in the sup 
norm. For details of this proof we refer to pages 55-56, or to iQ. □ 



Theorem 5 The Zygmund spaces Z and Zq are invariant under the Hilbert 
transform J. 

Proof. Since a much easier proof of the same result is given in section 2.6, 
here we only outline the argument given by Zygmund in [[77| . Begin by using a 
result of Favard if \g'\ < M then \ Jg - Jan{g)\ < A/n. Then employ the 
Zygmund- Jackson theorem. Let V hein Z and V„ be a trigonometric polynomial 
of degree n with \V - K| < f • Let G' = V and = K- Then |(G - T,,Y\ < f 
and therefore \J{G — Tn) — Jan{G — T„)| < Thus JG is approximable in 
the sup norm to within by a trigonometric polynomial of degree n. This 
implies that JV is approximable to within — by a trigonometric polynomial 
of degree n, therefore JV is in the Zygmund class. 
The proof for the class Zq is similar. □ 

1.8 Automorphisms of Teichmiiller Space 

Given any quasisymmetric homeomorphism f of S^, the map Pf{[h]) — [ho f~^] 
is a bicontinuous self-map of T = QS mod PSL{2,M}. Moreover, pf preserves 
the almost complex structure. We call biholomorphic automorphisms of T of 
this form geometric automorphisms. 

An almost complex structure on a real Banach manifold M is a smoothly 
varying family of automorphisms Jx,x €z M, of each fiber of the tangent bundle 
such that — —I. A diffeomorphism F of Af is almost complex if Jf(x) {Fx i''^)) = 

Theorem 6 Any almost complex automorphism F of T is geometric. That is, 
given a diffeomorphism F of 

QS mod PSL{2,R) 
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whose derivative commutes with the almost complex structure, there exists a 
quasisymmetric map f such that F — pf. 

An outline of the proof of this theorem is given in the last section of this paper. 

2 Complex Analysis 

2.1 Quasiconformal Extensions 

Roughly speaking, a homeomorphism of M" is quasiconformal if it distorts stan- 
dard shapes by a bounded amount, see js^], |Q, ||3^. When rt > 2, it turns 
out that quasiconformal maps are differentiablc almost everywhere and the dis- 
tortion of shape can be measured infinitesimally. An observation of central 
importance for the deformation theory of one-dimensional dynamical systems is 
that this statement is not true when n = 1. That is, quasisymmetric maps may 
not be differentiablc anywhere. 

In any case, the measurement of quasiconformal distortion at a point z for 
a mapping / when n = 2 is by means of a quantity called the local dilatation 
KJJ) : 

Any quasisymmetric homeomorphism h of the real axis extends to a qua- 
siconformal self-mapping of the upper half-plane. This pivotal result was first 
proved by Ahlfors and Beurling [Q . The formula given in [Q for such an exten- 
sion of h is Hi{z) — F{z) + iGi(z), where 

F{x + ^y)^lJ:^lh{t)dt 

(19) 

Gi(x + ly) = ^ {/;+^ hit)dt - Jl^ h{t)dt} ■ 

This formula does not extend the identity by the identity. In particular, for 
h{x) — x. the extension Hi{z) — x + \iy- It is therefore convenient to multiply 
the expression for Gi by a factor two. That is, we put 



G{x + iy) = - I / h{t)dt - / h{t)dt \ 

y X J x — y ) 



(20) 



Although H = F + iG differs from Hi , it still yields a quasiconformal extension 
ex{h) of h, but with the additional property that the identity is extended by the 
identity. It is useful to view H as an extension to the whole plane by stipulating 
that H{'z) — H{z). The reader should check that this extension process is natural 
for real affine transformations in the sense that if A{z) — ciz -\- ci and B{z) = 
c^z + C4 where ci, . . . , C4 are real, then 

ex{A oho B) = Ao ex{h) o B. 
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Hence, if we assume 

h{x) + 1 = h{x + 1), 



(21) 



then H{z + 1) = H{z) + 1. 

It is important to note that a lift of a self-homcomorphism of the circle by 
the universal covering x i— > e^'^'^ yields a homeomorphism h satisfying ( pT| ) , and 
conversely, if a homeomorphism of the real-axis satisfies ( ^ ) then it projects to 
a homeomorphism of the circle. Moreover, the covering x i-^ g2T«a; extends to 
the covering z i— > e^'^'^ of the punctured unit disc D* = D — {0} by the upper 
half-plane. The extension of h to the disc punctured at is a quasiconformal 
map preserving 0, and therefore if we stipulate that the extension preserves 
0, it becomes a quasiconformal extension to the entire disc. This method of 
extension also has the following asymptotic property:- 

Assume that h{0) = 0, h{x -I- 1) = h{x) + 1, ft, is quasisymmetric and 

1 h(x + t)-h(x) 
< -^^ — < 1 + e 

1 + e ~ h{x) - h{x -t) ~ 

for |t| < e, with 5 sufficiently small. Then if |Im z\ < S, the dilatation Kz of 
ex{h) at z satisfies Kz < I + e', where e' converges to zero as e converges to 
zero. 

2.2 Teichmiiller's Metric 

The Teichmiiller distance between two points [hi] and [^2] in QS mod PSL{2, M) 
is defined to be 

diihil N) = llogKo{h2 o (fti)-i), (22) 

where 

Ko{h) — m{{K{h) : where h is any quasiconformal extension of h}. 

As a consequence of basic properties of quasiconformal mappings, d{ [id] , [h] ) 
is always realized by an extremal mapping h which is an extension of h. To see 
this one can assume that h fixes three points on the real axis, say 0, 1 and 00, 
and then select extensions hn of h such that ^log K{hn) < ^logKo{[h]) + K 
Since the mappings /i„ are normalized and have uniformly bounded dilatation, 
they are equicontinuous. Therefore there is a subsequence of /i„ that converges 
uniformly in the spherical metric to some self-mapping of the upper half-plane 
ho- Since each /i„ coincides with h at every point of the real axis, so does Hq. 
Moreover, the maximal dilatation of ho must be less than if([/i]) -I- ^ for ev- 
ery positive integer n. On the other hand K{hQ) cannot be less than Ko{[h]) 
because by definition Kq ( [h] ) is the infimum of the dilatations of all possible ex- 
tensions of h. We conclude that every mapping h of the real axis has an extremal 
quasiconformal extension ho to the upper half-plane, that is, an extension for 
which 

Ko{[h]) = Kiho). 
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It will turn out that certain quasisymmetric mappings h have many extremal 
extensions and thus we do not expect to find a general formula that yields an 
extremal extension. In particular, the Beurling-Ahlfors extension formula given 
in the previous section will almost never yield an extremal extension. 

In formula ( p2| ) the Teichmiiller distance is seen as the solution to an infimum 
problem. It turns out that it is also the solution to a supremum problem. 
Consider the vector space TZ{M) of integrable holomorphic quadratic differentials 
(p{z)dz'^ in the upper half-plane H with only a finite number of poles on the real 
axis and for which ip{z)dz'^ is real- valued on the real axis. Any element ip{z)dz^ 
of n(m) has the form 

/ N , 2 p{z)dz^ 
Lp{z)dz = -, (23) 

{Z-Xl)---{Z~Xn) 

where distinct points on the real axis and p{z) is a polynomial of 

degree less than or equal to n — 3 with real coefficients. Such a quadratic differ- 
ential determines a decomposition of H into a finite number of strips, Si, .... Sk, 
where fc < n — 3. The interior of each strip is swept out by horizontal trajecto- 
ries of this quadratic differential, that is, parameterized curves a[t) along which 
iy9(a(t))a'(t)^ > 0. A choice of coordinate 



C — i \/ ip{z)dz + {const) 



can be made so that z i-^ ( maps the j-th strip to a rectangle Rj and takes the 
horizontal trajectories a{t) to horizontal line segments that join the left side of 
the rectangle to its right side. Let aj and bj be the width and height of the 
rectangle Rj measured in the parameter Then 

k 

\M = / / \ip{z)\dxdy = y2(^jb3- 
J Ju 

That is \ \(p\ \ is equal to the sum of the areas of these rectangles. Moreover, if (3 
is any arc in IH with endpoints on dM transversal to the horizontal trajectories 
of if, then we can assign to it a height htip(P) given by 



ht^iP) = / Imi^M^dz), 



13 

equal to the sum of the heights of the rectangles corresponding to the strips Sj 
crossed by (i. 

Let Ij be the intervals on 9IHI whose endpoints are successive pairs from the 
(ordered) sequence of points xi,.. .,Xk and assume that the endpoints of the 
arc C H lie on the intervals Ij^ and Ij^ . If /3' is another arc transverse to 
the horizontal trajectories of ip{z)dz'^ with endpoints on the same intervals Ij^ 
and /j2, then htip{P) — ht^{j3'), and so the height function ht^p is a nonnegative 
function defined on all possible pairs of intervals Ij^ and Ij^ taken from the set 
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A sense-preserving selfmap h of 911 takes the points Xj to points x'j = h{xj) 
and thus determines a new height function defined on pairs of intervals /'^ = 
h{Ij^) and /j^ = h{Ij^). From the theorem of Hubbard and Masur (in ||4l|;see 
also 1 28 ) there is a unique quadratic differential of the form 

q{z)dz'^ 



•il){z)dz = 



{z-x[)...{z~x'„)'' 



such that q(z) has real coefficients and degree < n — 3 and the heights of ip for 
the interval pairs /j^ and /j^ are equal to the heights of ip for the corresponding 
interval pairs Ij-^ and Ij^ . Moreover, ip is unique among all continuous inte- 
grable quadratic differentials on C \ {x'^, . . . ,x'f.}, real- valued on the real axis, 
with heights between pairs of intervals /j^ and /j^ greater than or equal to the 
corresponding heights of ip on intervals Ij-^ and Ij^ and with WipW as small as 
possible. 

If h has a quasiconformal extension h with dilatation Kq, then 11-011 < 
-fCollf/sll, and one obtains the following expression for Kq : 

ifo = supM, (24) 

where the supremum is taken over all non-zero quadratic differentials p of the 
form ( |23| ) and ■0 is the quadratic differential with simple poles at the points 
x'j = h{xj), 1 < j < n, and with the same corresponding heights with respect 
to these points that ip has with respect to the points Xj,l < j < n. 

2.3 Quadratic Differentials 

Let A — A{il) be the Banach space of integrable functions ip{z) holomorphic in 
17 where = Hor fl = A = {z : \z\ < 1} with norm 

llvll = / / \piz)\dxdy < oo. 
J Jn 

In this section we introduce a pairing between A and Z and show that A* = Z 
and that {Zq)* = A. By Z we mean the vector fields V defined on dfl such 
that V{z)-^ is real-valued on dfl, and such that ||V^||2 < oo. Since there is 
a Mobius transformation transforming H onto A and since the statements we 
prove will be invariant under pull-back by Mobius transformations, we can work 
interchangeably with cither H or with A. 

Our first step is to prove a special case of Bers' approximation theorem 
[|. Let 7^(H) be the space of finite linear combinations of the form 

XlPxt (2:) H h >^nPx„ {z), (25) 

where xi, . . . ,Xn and Ai, . . . , A„ are real numbers and 

(2) = 3:(a; - 1) 

z{z — l){z — x) 
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Theorem 7 TZ is dense in A. 



Proof. A similar and much deeper result is true if H is replaced by any plane 
domain, §. 

Let L be any linear functional on the Banach space A that annihilates TZ. 
To show that TZ is dense in A it is sufficient to show that L annihilates A. By 
the Hahn-Banach and Riesz representation theorems, there exists a bounded 
measurable function jj, defined in H so that 



L{ip) = real part of / / fi{z)ip{z)dxdy 



If we extend (p{z) and fj,{z) to the lower half-plane by the rules (p{z) = <y3(^) and 
= ni'z), then we can write the formula for L as 

Hf) = 7; I I Kz)f{z)dxdy. 



2 _ _ 

The assumption that L annihilates TZ implies that 

whenever z is a real number. One shows that V has the following properties: 

1. dV = fji in the sense of distributions, 

2. |V^(2:)| — 0{\z\ log \z\) as z — + 00, and 

3. V{z) has an |eloge|-modulus of continuity, that is to say, given i? > 0, 
there exists a C such that for every zi and Z2 with j^ij and \z2\ < R and 
with \zi - Z2I < 1/2, 

\Vizi) - Viz2)\ < C\zi - Z2I log(l/|zi - Z2I). 

Let D^ }i be a semi-disc in the upper half-plane with diameter of length 2R 
along the line y = e and with midpoint on the y-axis. The curved part of the 
boundary of is parameterized by the curve z = ie + i?e'^, < 6 < n. Assume 
further that (p is continuous on the real axis and (p{z) = 0{\z\~*) as 2 — > 00. 
Then the subspace of A{M.) comprising those (p with these properties is dense 
in A(IHI). Since ip is integrable and /i is bounded, 

fup = lim / / ^dS^dr], 

where the limit is taken both as e — > and as i? ^ 00. On the other hand, from 
Green's formula, 
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Because V{z) is identically zero when z G M, if we first take the limit in this 
line integral as e — > we obtain 

/ V{Re"')ip{Re''^)Rte''^d0 = 0. 
Jo 

Because of the vanishing condition on ip, 

V{Re''')ip{Re'%Rie'U9 







is dominated by a constant times (log R)/R and thus vanishes as i? — > oo. □ 

We are now ready to introduce the pairing between an element V in Z and ip 
in A. Given V in Z we select any extension V oiV to the upper half-plane with 
the properties that dV = is essentially bounded and that = 0(|2;p). 

Then we define 



(F,(^)=Re(^yy^M^j. (27) 
We must show first that any V in Z has such an extension and second that 



if a different extension is taken, the integration (27) yields the same result. V 
can be defined by the Beurling-Ahlfors' formula (19) applied to the vector field 
V: 

Ke{V(x + hj)) = — / V(t)dt and 

2y Jx-y 

Im{V{x + iy)) = -( / V{t)dt - / V{t)dt j . 

y X J x—y / 

We leave it to the reader to verify that V has the appropriate growth rate and 
that the Zygmund condition implies 

is bounded. To show that the right hand side of (|2^) depends only on the values 
of V on the real axis we first note that from Theorem ^ it suffices to show the 
right hand side of (U7\) depends only on the values of V on the real axis when 
has the special forin(p5[) . In that case, if we assume V vanishes at and 1 and 
has growth rate o(|zp), then by Green's formula, 

(^'^) = f E^^^(^^)- (28) 



Theorem 8 The pairing n2ll) induces an isomorphism between Z and A*. 
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Proof. From the preceding discussion we have seen how an element L of A* 
determines by the correspondence an element V in Z. Conversely, because of 
the residue formula (p8|), the extension formula and because TZ is dense in A, 
any element V oi Z determines by this correspondence an element of A* . Note 
that ||l^||cr = is equivalent to the condition that V{z) = aQ+aiz + a2z'^- Since 
by definition elements 

j=l J 

of TZ satisfy |t/5(a;)| — 0(|z|~^) as z — > oo, they also satisfy ^ Xj = 0, XjXj = 
and ^j^] — 0- One therefore sees that any quadratic polynomial vector 
field V{x)-^ annihilates all elements of TZ, and so also annihilates A since TZ is 
dense in ^. □ 

Because A* is isomorphic to Z, the norm on Z dual to the norm on A is 
equivalent to || ||ct-- We call this norm the infinitesimal Teichmiiller norm and 
denote it by || ||t- It is given by either of the following formulas: 



T — sup 



ipdVdxdy 



if £ A with ||(p|| = 1 



= inf{||9F||oo : where V is any extension of V.} 

Definition. We say a sequence ipn in A is degenerating if there is a constant 
C > 1 such that < \\ipn\\ < C and (pn{z) for every 2; e H. 

We now wish to focus attention on the closed subspace Zq of Z defined in 
section 1.6, the tangent vector fields to the symmetric circle maps. 

Theorem 9 The following conditions on an element V of Z are equivalent: 

1. with respect to any smooth local coordinate x on the boundary offl, 

V{x + t)~2V{x) + V{x-t) 



t 

where c(t) approaches as t — > 0, 



< c(t). 



2. V has a continuous extension V for which dV — ^ is vanishing in the 
sense that for every e > there exists a compact subset of H such that if 
z lies outside the compact set then \n{z)\ < e, 

3. V annihilates every degenerating sequence in A, 

Proof. Given V satisfying condition 1, the Beurling-Ahlfors formula (|9|) yields 
a vector field V with the property that dV is vanishing. Thus 1 implies 2. It is 
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easy to see that if < e for z outside a sufRciently large compact set and if 

^pn is degenerating, then 



lim 

n — ^oo 



[iLpndxdy oo, 



and so 2 implies 3. To see that 3 implies 1, consider the following sequence of 
quadratic differentials ipn, where t„ ^ and Xn is arbitrary: 



1 



1 



Note that 



Wn\ 



1 

[z - {Xn - tn)){z - Xn)iz - (x„ + <„))' 

2in 



{z -t„)z{z + t„) 



dxdy 



(z-l)z(z+l) 



dxdy, 



which is a positive constant not depending on n and, for fixed z in the upper 
half-plane, (pn{z) ^ as i„ — > 0. 
By formula 



(V,ipn) = - 



and we know that this quantity approaches zero as t„ — > 0, no matter which 
sequence {xn} is selected. Thus 3 implies 1. □ 



Theorem 10 The pairing {V,(p) defined in (21) induces an isomorphism from 



A onto Zq. 



Proof. We first observe that the pairing defined in @ is non-degenerate 
between 2o and A. Since it is a non-degenerate pairing between A and Z and 
since Zq C Z, whenever F G Zq, (F, (ys) = for all iy9 £ ^ imphes ^ = 0. 
Moreover, for |zo| < 1 and e < 1 — |zo|, by the mean value property 



■^(^o) = / / ip{z)dxdy = j j fio(p, 

\z — zo I <e 



where 



-i^ for \z - zo\ < e. 



for z elsewhere. 



Because the pairing is non-degenerate, the mapping from A to Z^ given 
hy (f ^ {V ^ (V,ip)} is well-defined and injectivc. In order to show it is 
surjective it suffices to show the unit ball of A is compact with respect to the 
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weak topology. To this end, assume (p„ is a sequence in A with 1 1 1,0,1 1| = 1 and 
L is a hnear functional of the form 

J Jm 

where 1/^(2;) | < e for z outside sufficiently large compact subsets of H. By normal 
convergence has a subsequence that converges uniformly on compact subsets 
to some ip, which (in order to avoid cumbersome notation) we denote also by 
(fn- Note that by Lebesgue dominated convergence 

lim / / (|(^„ - V'l - = lim - v\ - Iv'nl) = 



and, since ||(^„|| = 1, - ip\\ ^ 1 ~ \\ip\\. 

We divide the argument into three cases: either = or < ||</?|| < 1 
or \\(p\ \ = 1. In the first case, (pn is degenerating and L{(pn) 0. In the second 
case, since \ \ip\ \ < 1, if we put 



then the denominator is bounded away from zero. Thus tpn is a degenerating 
sequence and L{(pn) converges to zero, which implies L{ipn) converges to L{tp). 
In the third case — — > 00, and so L(ipn) converges to L{ip). Thus, in all 
cases L{(pn) converges to L{ip). □ 



Definition. We say a sequence Vn in Z is vanishing if there is a constant 
C > 1 such that < ||Ki||t < C and Vn{x) approaches zero for every x on 
the boundary. 

The following theorem enables one to deduce that an automorphism of Z 
that is an isometry for the infinitesimal Teichmiiller norm necessarily preserves 
the closed subspace Zq. This is a key step in the proof of the automorphism 
theorem. Theorem]^ of section 1.8. 

Theorem 11 An element V of Z with \ \V\\t — 1 is in Zq if, and only if, for 
every vanishing sequence of elements Wn in Z with ||M^„||t = 1, 

limsup + T4^„||t < \\V\\t- 



For the proof we refer to |19 and to 



2.4 Reich-Strebel Inequalities 

Let /i be the Beltrami coefficient of a quasiconformal extension /i of a quasisym- 
metric mapping h, and let Kq = Kq^H) be the smallest possible dilatation of a 
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quasiconformal extension of h. For any holomorphic quadratic differential ip in 
^(H) with 

ll<^ll = / / Mz)\dxdy = 1, 



one has the following bounds on Kq 
1 



< 



and 



Ko 



Kq < sup 

llvll = l 



1 -MAP 

, II, \^{z)\dxdy, 
1 - \fi\^ 



-^-J^\^iz)\dxdy. 



(29) 



(30) 



These inequalities were proved by Reich and Strebel , , who also observed 
that they yield the infinitesimal form of Teichmiiller's metric: 



dT([0],[tA*])-^logifo(^A')-i sup 
for t > 0. The inequality 



^{z)(p{z)dxdy 



z\<l 



+ o{t), (31) 



driiQ], M) > t Re 



flip } +o(t), 



z\<l 



for \\ip\\ = 1, follows by replacing fi by tfj, and calculating the first variation in 
(p9[). Similarly, the inequality 

rfT([0],M)<i sup Re \ f f fiip\+o{t), 

\\<p\\ = l [J J\z\<l J 

follows on replacing /i by tfj, and calculating the first variation in (BO). 



2.5 Tangent Spaces Revisited 

Let M denote the open unit ball in Loo(H) and suppose fit is a smooth curve in 
M such that each is equal to the identity on the boundary of H. Then from 



inequality (29) we see that for every holomorphic quadratic differential ip{(^)d(^ 
on H, 



1 < 



By putting 



Wfit - tv\\oo ^ o{t) (32) 
and computing the first variation in this inequality, one obtains 



^iCHOd^drf = 0, 



(33) 
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for every such Lp. 

Conversely, suppose ( p3| ) holds for every holomorphic quadratic differential 
if on the upper half-plane. Restricting ip{()d('^ = ^^'^^^4 to the lower half-plane, 
we conclude that 

KC) 



_ ^-^jd^dv = 0, (34) 

where C = ^ -I- 177 is in the upper half-plane. 

A key existence theorem (see page 107) says that (jsj) implies there 
exists a curve such that 

WfJ-t - tv\\oo = 0{t) 

and f^*{z) — z for every z in the closure of the lower half-plane. Here, is the 
unique quasiconformal self-map of the whole plane that fixes 0, 1 and 00, and 
that has Beltrami coefficient equal to in the upper half-plane and identically 
equal to in the lower half-plane. In particular, if we let Mq be the closed 
subspace of those /i in AI for which f^{x) = x for all x e M, then the tangent 
space TV to Mq consists of those for which 

i^iCMOd^d^ - 

for every quadratic differential holomorphic in H. Moreover, the tangent space 
to Teichmiiller space T is isomorphic to the factor space Loa (H) /N, see and 

[1 

For n in Loo(IHI), define 

forC 



/i(C) for C in H*. 
Let a : L°° (H) ^ Z he the map a : ^ 1-^ Vf^(x) where x is in R and 

V,{z) = -- [[ 777^4S (35) 



^JJc C(C-i)(C-^) 



Also define 



niC) for C in H 

for C in M* 
and let /3 be the Bers map (3 : (W^p)"' (■^)' where 
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Theorem 12 The maps a and (3 defined above induce isomorphisms of Banach 
spaces from Loo{W)/N onto Z and from Loo(JS)/N onto B, where B is the 
Banach space of holomorphic functions ipi^) defined in the lower half-plane H* 
for which 

IV^IIb = sup \ip{z)y^\ < oo. 

Proof. Note that 

and therefore the condition that a{p,){x) = for aU x in R imphes 

J Jn C(C - 1)(C - z) 

for aU z in the lower half plane. On taking the third derivative with respect to 
z, we find that 

for all z in the lower half-plane. Since finite linear combinations of the form 

where Zj are points in the lower half-plane, are dense in the space of integrable 
holomorphic quadratic differentials in the upper half plane (see 1^), we see 
that a{fi){x) — for all 2: in M implies JJj^(p{()^{()d^dr] = for all (p, which 
implies /i is in N. 

Conversely, if fi is orthogonal to every ip, then 

for every z in the lower half plane and, by integrating three times and normal- 
izing so that Vf^{z) vanishes at 0, 1 and 00, we find that 

V,i^) = --11 ,1, f£ -.didr^ = 0, 

for all a; in M. 

To see that a is surjective we apply the extension formula (|2^) to the vector 
field V{x)^. That is, for given V{x)-^ representing an element in Z, we put 

V{z) = Wi{z) + iW2{z), where 

Wi{x + iy)^^ f ^\{t)dt, (37) 

22/ Jx-y 
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and ^ 

W2{x + ty) = -i f " V{t)dt ~ r h{t)dt\ . (38) 

Then it is a routine calculation (see [^) to show that ||^y(z)||oo < oo. 

We leave it to the reader to show that the Bers map f3 is an isomorphism, 
and in particular that (3{n) — if, and only if, V^(a:) = for every a; in M. A 
detailed proof may be found in Q, p.l34, or in |8), pp. 111-114. □ 



2.6 Hilbert Transform and Almost Complex Structure 

For a smooth real- valued function f{x) defined on the real axis with compact 
support, the Hilbert transform Jf is normally defined as the principal part of 
a divergent integral. That is, 

(J/)(:E)---lim( / f{t)dt+ [ }{t)dt\. (39) 



IT e^O 



x+e 



This formula hides a description of the transform in terms of harmonic conju- 
gates which is invariant under conformal changes of coordinate. This description 
has three steps. The first step, if it is possible, is to form the unique harmonic 
extension /(z) to the upper half-plane, characterized by the properties that f(z) 
is harmonic and /(x) coincides with f{x) for x real. Then one forms g{z)^ which 
is unique up to an additive constant and such that f{z) + ig{z) is holomorphic 
in the upper half-plane. Finally, Jf{x) is defined to be the restriction of g{z) 
to the real axis. 

Of course, the definition of Jf in given this way is determined only up to 
additive constant, but in order for J to be well-defined on we need only to 
define JV up to the addition of a quadratic polynomial p{z) = az'^ + bz + c. 

We wish to give an alternative description of the Hilbert transform on the 
space Z. Since a is surjective, we can assume V is of the form 

- // r(r 1w 

J Jc C(C-l)(C-a;) 



where fi(z) = fJ-iz). We shall say that /i satisfying this equation is symmetric. 
For symmetric /i, we define p, to be the Beltrami coefficient given by the formula 

( ifi{C) for C in H 

m = { (40) 

[ -iM(C) for C in H*. 

Then p, is also symmetric and 

where the integration is over the lower half-plane H*. It is obvious that this 
function is holomorphic in the upper half-plane; therefore, up to the addition of 
a quadratic polynomial, JVp, is the restriction to the real axis of Vfi{z). 
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Note that ||/t||oo = IImIIoo- This reformulation shows that Z is invariant 
under J, and in fact J is an isometry for the infinitesimal Teichmiiller norm 
on the tangent space to Teichmiiller space. The argument is easily modified to 
show that Zq is also invariant under J, see ( ) . It also shows that the Hilbert 
transform applied to the vector field Vix) ^ corresponds to the mapping i[i 
for Beltrami coefficients given in the upper half-plane. Since multiplication by 
i on Beltrami coefficients determines the standard almost complex structure 
on Teichmiiller space, the Hilbert transform gives the same almost complex 
structure. This observation is due to Steven Kerckhoff (unpublished, but see 



2.7 Complex Structures on Quasi-Fuchsian Space 

The view of the almost complex structures summarized in the previous section 
has been exploited by Giannis Platis |l60| to yield thrte inter-related but dis- 
tinct almost complex structures on the quasi- Fuchsian spaces QF — QF(T). 
These are complex deformation spaces, whose points are given by arbitrary 
quasiconformal conjugates of a given (cofinite volume) Fuchsian group F, acting 
discretely on the union of H and H* , the complement of the circle M inside the 
Riemann sphere. Such a group HTH~^ is known as a quasi- Fuchsian group. It 
operates discretely, but not necessarily symmetrically, on the complement of the 
quasicircle H{W)] our earlier definition of the Teichmiiller spaces implies that 
QF(T) D T{r) as a diagonal subset, corresponding to q-c conjugates where the 
mapping H is given by a symmetric Beltrami coefficient. Together with a cer- 
tain hermitian 2- form defined on the space QF{T), the three anti- involutions 
determine a hyper-Kahlerian structure. One views the tangent space to QF{T) 
as a space of (complex) vector fields V{x)-^ which can be expressed in the form 

= // r(r Ivr 

J Jc C{C~^){C~z) 

In this formula, V{x) is usually complex- valued because there is no assumption 
about symmetry for fi. 

We define / to be the map of vector fields induced by /i h- > iyi. Writing 



HiiC) for C in H and 
/i2(C) forCinH*, 
we define V ^ J{V) to be the map induced by 



/12(C) for C in H and 



-Mi(C) for C in: 



A simple calculation shows that IJ = —JI, so that if we write if — / o J, then 
I^, and are all equal to minus the identity and IJ = K, JK = I and 
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KI = J. Moreover, K restricted to symmetric Beltrami coefficients coincides 
with the almost complex structure defined (via the Hilbert transform) in the 
preceding section on Teichmiiller space. 

In ||6^, Platis shows that for finite co- volume Fuchsian groups, /, J, and K 
together with the hermitian form f2 yield a hyper-Kahlerian structure on QFiT). 
The form is constructed using derivatives of a finite spanning set of complex 
length functions (see for instance [Q); it is compatible with the almost complex 
structure induced on QF as a product space T(r) x r(r) by the anti-involution 
J, satisfies a complex analogue of Wolpert's reciprocity formula for hyperbolic 
length functions on Teichmiiller space, and restricts on the diagonal subspace 
to give the Weil-Petersson metric on Teichmiiller space. 

2.8 Automorphisms are Geometric 

To close this article we return to the rigidity theorem, Theorem 6, formulated 
in section 1.8. This result is the analogue for universal Teichmiiller space of 
the classical result of H. Royden and of Earle and Kra j24j that says that 
any automorphism of the Teichmiiller space of a surface of genus greater than 
3 and possibly with a finite number of punctures is induced by an element of 
the mapping class group. That the parallel result holds for any surface of finite 
genus with a finite number of holes removed was proved in [ p^ and for any open 
surface of finite genus by Lakic in . 

Suppose we are given an almost complex diffeomorphism F of universal 
Teichmiiller space, T. Since Kobayashi's metric coincides with Teichmiiller's 
metric on T p9| , the automorphism is an isometry in Teichmiiller's metric, and 
since Teichmiiller's metric is the integral of its infinitesimal form this means 
that if i^([0]) = r, then F' — dF defines an isometry from the tangent space at 
[0] to the tangent space at r. Since we may select a geometric isomorphism ph 
such that ph o F{[Q\) — [0] and since geometric isomorphisms are isometrics, we 
obtain an automorphism ph°F which preserves the basepoint [0] and induces an 
isometry on the tangent space Z at [0] to Teichmiiller space. One shows that this 
isometry is necessarily equal to the identity and thus F ~ Ph-^i that is, every 
automorphism of Teichmiiller space is induced by the action of a quasisymmctric 
mapping on the boundary of the hyperbolic plane. 

We outline the key steps in the proof. One first shows that any isometry 
I oi Z with Teichmiiller's infinitesimal metric must be induced by an isometry 
of the predual space A. This result follows from the results of section 2.3, and 
in particular from Theorem ^ Such an isometry must preserve the closed 
subspace Zq and therefore it is equal to the second dual of its restriction to Zq. 
Thus there is an isometry J of ,4 such that / is the dual of / under the natural 
pairing between A and Z. Then one shows that / is induced by the composition 
of multiplication by a complex constant c (of modulus 1 since it is an isometry) 
with a conformal map. That is, 

/(^) = c(^(/(z))/'(z)2, 
where / is a conformal self-map of the base Riemann surface. For universal 
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Teichmuller space, the base Riemann surface is the upper half-plane and so / is 
a real Mobius transformation in this case. Finally, one shows that the constant 
c is equal to 1 : for this step, see or Q. 



References 

L.V. Ahlfors, Lectures on Quasiconformal Mappings, Wads worth and 
Brooks/Cole, Monterey, California, 1987. 

, The structure of finitely generated Kleinian groups, Acta. Math., 



122: 1-17, 1969. 

L.V. Ahlfors and L. Bers, Riemann's mapping theorem for variable metrics, 
Annals of Math., 72:345-404, 1961. 

L. V. Ahlfors and A. Beurling, The boundary correspondence under quasi- 
conformal maps. Acta Math., 96:125-142, 1956. 

S. N. Bernstein, Sur I'ordre de la meilleure approximation des fonctions 
continues par des polynomes de degre donne, Memoires publics par la classe 
des sci. Acad, de Belgique(2) 4:1-103, 1912. 

L. Bers, Quasiconformal mappings and Teichmiiller's theorem, in Analytic 
Functions (R. Nevanlinna et a/.eds.),pp. 89-119. Princeton Univ. Press, 
Princeton, N. J, 1960. 

, An approximation theorem, J. d'Anal. Math., 14:1-4, 1965. 



, Universal Teichmiiller space, in 'Analytic Methods in Math. 

Physics', Indiana Univ. Press, 65-83, 1969. 

, The action of the modular group on the complex boundary, in 

'Riemann Surfaces and related Topics, Ann of Math Studies vol.97, 33-52, 
1981. 

, An extremal problem for quasiconformal mappings and a theorem 



by Thurston, Acta Math. 141, 73 - 98, 1978. 

, Selected Works of Lipman Bers, Papers on Complex Analysis, parts 



I & II, eds. I. Kra and B. Maskit. Amer. Math. Soc, 1998. 

B. Bojarski, Generalized solutions of a system of differential equations 
of first order and elliptic type with discontinuous coefficients. Math. 
Sb., (Russian) 85:451-503, 1957. 

V. Bozin, N. Lakic, V. Markovic, and M. Mateljevic, Unique extremality. 
Journal d'Anal. Math., 75:299-338. 

G. Cui, Circle expanding maps and symmetric structures, Ergod. Th. & 
Dynamical Sys., 18:831-842, 1998. 



33 



[15] E. De Faria, Quasisymmetric distortion and rigidity of expanding endo- 
morphisms of , Proc. Amer. Math. Soc, 124 no. 6:1949-1957, 1996. 

[16] C. J. Earle, The integrable holomorphic functions as a dual space, Complex 
Variables, 12:153-158, 1989. 

[17] , Teichmiiller Theory, Chapter 5 in |^9| . 

[18] C. J. Earle and F. P. Gardiner, Teichmiiller disks and Veech's F-structures, 
Contemp. Math., 201:165-189, 1995. 

[19] , Geometric isomorphisms between infinite dimensional Teichmiil- 
ler spaces. Trans. Amer. Math. Soc., 348:1163-1190, 1996. 

[20] C. J. Earle, F. P. Gardiner and N. Lakic, Asymptotic Teichmiiller spaces 
I: the complex structure, Contemp. Math., 256:17-38, 2000. 

[21] , Vector fields for holomorphic motions of closed sets, Contemp. 

Math., 211:193-225, 1997. 

[22] , Isomorphisms between Teichmiiller spaces, Contemp. Math., 

240:97-110, 1998. 

[23] C. J. Earle and I. Kra, On isometrics between Teichmiiller spaces, Duke 
Math. J., 41, no. 3:583-591, 1974. 

[24] , On holomorphic mappings between Teichmiiller spaces, in Con- 
tributions to Analysis, Academic Press:107-124, 1974. 

[25] J. Favard, Sur les meilleures procedes d' approximation de certaines classes 
des fonctions par des polynomes trigonometriques. Bull. Sci. Math., 
61:209-224, 243-256, 1937. 

[26] R. Fehlmann, Quasiconformal mappings with free boundary components, 
Ann. Acad. Sci. Fenn. 7:337-347, 1982. 

[27] R. Fehlmann and F. P. Gardiner, Extremal problems for quadratic differ- 
entials, Michigan Math. J. 43 no. 2:573-591, 1995. 

[28] F. P. Gardiner, Measured foliations and the minimal norm property for 
quadratic differentials. Acta Math., 152:57-76, 1984. 

[29] , Approximation of infinite dimensional Teichmiiller spaces. Trans. 

Amer. Math. Soc, 281(l):367-383, 1984. 

[30] , Teichmiiller Theory and Quadratic Differentials, John Wiley, New 

York, 1987. 

[31] , On Teichmiiller contraction, Proc. Amer. Math. Soc, 118:865-875, 

1993. 



34 



, Infinitesimal bending and twisting in one- dimensional dynamics, 

Trans. Amer. Math. Soc, 347, no. 3,:915-937, 1995. 

F. P. Gardiner and N. Lakic, Quasiconformal Teichmiiller Theory, , Amer. 
Math. Soc, Mathematical Surveys & Monographs, 76, 2000. 

F. P. Gardiner and H. Masur, Extremal length geometry of Teichmiiller 
space, Complex Variables, 16:209-237, 1991. 

F. P. Gardiner and D. P. Sullivan, Symmetric structures on a closed curve, 
Amer. J. Math., 114:683-736, 1992. 

, Lacunary series as quadratic differentials in conformal dynamics, 

Contemp. Math., 169:307-330, 1994. 

H. Grotzsch, Uber die Verzerrung bei schhchten nichtkonformen Abbil- 
dungen Ber. Verh. Saechs. Akad. Wiss. Leipzig, Math.-Naturwiss. Kl. 
80:503-507, 1928. 

, Uber mdglichst konforme Abbildungen von schlichten Bereichen, 



Ibid. 84:114-120 (1932). 

W. J. Harvey, editor. Discrete Groups and Automorphic Functions, Aca- 
demic Press, 1977. 

, On certain families of compact Riemann surfaces, Contemp. Math. 

150, 137-148, 1993. 

J. Hubbard and H. Masur, Quadratic differentials and foliations. Acta 
Math., 142:221-271, 1979. 

Y. Imayoshi and H. Taniguchi, Introduction to Spaces, Springer- Verlag, 
New York and Tokyo, 1992. 

D. Jackson, On the approximation by trigonometric sums and polynomials. 
Trans. Amer. Math. Soc, 13:491-515, 1912. 

C. Kourouniotis, Bending in the space of quasi- Fuchsian structures, Glas- 
gow Math. J., 33: 41 49, 1991. 

S. Kobayashi, Hyperbolic Manifolds and Holomorphic Mappings, Marcel 
Dekker, New York, 1970. 

C. J. Kolaski, Isometrics of Bergman spaces over bounded Runge domains, 
Canad. J. Math., 33:1157-1164, 1981. 

I. Kra, Canonical mappings between Teichmiiller spaces. Bull. Amer. Math. 
Soc, 4:143-179, 1981. 

N. Lakic, Strebel points, Contemp. Math., 211:417-431, 1997. 



35 



, The minimal norm property for quadratic differentials in the disk, 

Michigan Math. J., 44:299-316, 1997. 

, An isometry theorem for quadratic differentials on Riemann sur- 



faces of finite genus, Trans. Amer. Math. Soc, 349:2951-2967, 1997. 

, Geodesies in Asymptotic Teichmiiller space, preprint. 

, Infinitesimal Teichmiiller geometry, Complex Variables, 30:1-17, 

1997. 

O. Lehto, Univalent Functions and Teichmiiller Space, Springer- Verlag, 
New York, 1987. 

O. Lehto and K. I. Virtanen, Quasiconformal Mappings in the plane. 
Springer- Verlag, New York, 1973. 

G. Lorenz, Approximation of Functions, Holt, Rinehart and Winston, New 
York, 1966. 

A. Marden and K. Strebel, The heights theorem for quadratic differentials 
on Riemann surfaces. Acta Math., 152:153-211, (1984). 

S. Nag, Complex Analytic Theory of Teichmiiller Spaces, John Wiley and 
Sons, New York, 1988. 

S. Nag and A. Verjovsky, Diff{S^) and the Teichmiiller spaces, Comm. 
Math. Phys. 130:123-138, 1990. 

B. O'Byrne, On Finsler geometry and applications to Teichmiiller space, 
Ann. of Math. Studies, vol. 66:317 328, 1971. 

Y. Platis, A hyper- Kdhlerian structure on quasi- Fuchsian space, PhD 
thesis. University of Crete, 1999. 

E. Reich and K. Strebel, Teichmiiller mappings which keep the boundary 
pointwise fixed, Ann. of Math. Studies, vol. 66:365-367, 1971. 

, Extremal quasiconformal mappings with given boundary values. 



in 'Contributions to Analysis' (L. Ahlfors et al, eds.), 375-392, Academic 

Press, New York, 1974. 

S. Rickman, Quasiregular Mappings, 3. Folge, Band 26, Springer- Verlag, 
Berlin-Heidelberg, 1993. 

H. Royden, Automorphisms and isometrics of Teichmiiller space, Ann. of 
Math. Studies vol.66: 369-384, 1971. 

Z. Slodkowski, Holomorphic motions and polynomial hulls, Proc. Amer. 
Math. Soc, 111:347-355, 1991. 



36 



[66] K. Strebel, The mapping by heights for quadratic differentials in the disk, 
Ann. Acad. Sci. Fenn. Ser. A I, 18:155-190, 1993. 

[67] , On the existence of extremal Teichmiiller mappings, J. d'Anal. 

Math., 30:441-447, 1976. 

[68] , Extremal quasiconformal mappings, Resultate Math., 10:168-210, 

1986. 

[69] D. P. SuUivan and W. P. Thurston, Extending holomorphic motions. Acta 
Math., 157:243-257, 1986. 

[70] W. P. Thurston, On the geometry and dynamics of diffeomorphisms of 
surfaces. Bull. Amer. Math. Soc, 19:417-431, 1988. 

[71] O. TeichmuUcr, Extremale quasikonforme Abbildungen und quadratische 
Differentiale, Abh. Preuss. Akad. Wiss., Math.-Naturwiss., K122:l-197, 
1939. 

[72] , Bestimmung der extremalen quasikonformen Abbildungen bei 

geschlossenen orientierten Riemannschen Fldchen, Ibid., K1.42: 1-42, 
1943. 

[73] , (Gesammelte Abhandlungen, Springer- Verlag, Berlin-Heidelberg- 
New York, 1982. 

See also the review of [^ :- 

[74] W.H. Abikoff, Oswald Teichmiiller — The man and his work, Math. Intel- 
ligencer 8: 8-16 and 33, 1986. 

[75] Horst Tictz, German History Experienced: my studies, my teachers, Math. 
Intelhgencer, Vol. 22, no.l , 12-20, 2000. 

[76] S. A. Wolpert, Thurston's Riemannian metric for Teichmiiller space, J. 
Diff. Geom. 23, 143-174, 1986. 

[77] A. Zygmund, Smooth functions, Duke Math. J., 12:47-76, 1945. 

[78] , Trigonometric Series, Dover Publications, New York, 1955. 



37 



